Damping of electron Zitterbewegung in carbon nanotubes by Rusin, Tomasz M. & Zawadzki, Wlodek
ar
X
iv
:1
40
2.
53
93
v1
  [
co
nd
-m
at.
me
s-h
all
]  
21
 Fe
b 2
01
4
Damping of electron Zitterbewegung in carbon nanotubes
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Zitterbewegung (ZB, trembling motion) of electrons in semiconductor carbon nanotubes is de-
scribed taking into account dephasing processes. The density matrix formalism is used for the
theory. Differences between decay of ZB oscillations due to electron localization and that due to
dephasing are discussed.
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I. INTRODUCTION
The phenomenon of Zitterbewegung (ZB, trembling
motion) was devised by Schrodinger [1], who observed
that, if one uses the Dirac equation for free relativistic
electrons in a vacuum, the velocity operator does not
commute with the Dirac Hamiltonian. This means that
the resulting electron velocity is not a constant of the mo-
tion even in the absence of external fields. It was later
realized that the appearance of ZB in the Dirac equation
is a result of the two-band structure of its energy spec-
trum [2]. Lock [3] observed, that since the ZB had been
predicted for plane waves, it was not clear what the trem-
bling meant for electron uniform distribution in space.
Lock pointed out that, if the electron is represented in
space by a localized Gaussian wave packet, its ZB oscil-
lations decay in time as a consequence of the Riemann-
Lebesgue lemma. In 2010 Gerritsma et al. [4] succeeded
in simulating the 1+1 Dirac equation with the result-
ing Zitterbewegung using cold ions interacting with laser
beams. The ZB of charge carries was also predicted in su-
perconductors and narrow-gap semiconductors as a con-
sequence of two-band energy spectra in such materials.
Since 2005, when papers by Zawadzki [5] and Schliemann
et al. [6] appeared, the trembling motion in narrow-gap
materials and similar periodic systems became an inten-
sively studied subject, as reviewed in Ref. [7].
Our purpose in the present work is to introduce to the
description of ZB dephasing processes. This requires the
density matrix (DM) formalism which, to our knowledge,
has not been attempted in the literature for the ZB prob-
lem. We choose for our description single-wall semicon-
ductor carbon nanotubes (CNT) since they are charac-
terized by a relatively simple 2× 2 electron Hamiltonian
for which majority of calculations can be carried out an-
alytically. The phenomenon of ZB in CNT was treated
in the past with the use of Heisenberg time-dependent
operators [8, 9] or by solving the Schrodinger equation
with the time-dependent Hamiltonian [10]. This gives us
a possibility to check that, as the damping processes are
assumed to vanish, the different formalisms give similar
∗ Tomasz.Rusin@orange.com
results.
II. THEORY AND RESULTS
Within the k ·p theory in the absence of external fields
the electron Hamiltonian at the K point of the Brillouin
zone of CNT is [11]
Hˆ = u~
(
0 −iκnν − k
iκnν − k 0
)
, (1)
where u ≃ 106 cm/s, k is the wave vector in the y di-
rection parallel to the tube’s axis, κnν = (2pi/L)(n −
ν/3), n = 0,±1, ..., and L is the circumference length of
CNT. For metallic CNT ν = 0, while for semiconductor
CNT ν = ±1. The eigenenergies of Hˆ are E1,2 = ±u~ξ,
where ξ =
√
k2 + κ2nν , and the eigenfunctions are: w1 =
[(iκnν + k)/ξ,−1]/
√
2 and w2 = [(iκnν + k)/ξ,+1]/
√
2,
respectively. The two signs in the energy and the wave
functions correspond to the conduction and valence sub-
bands, respectively. Since the Hamiltonian is a 2 × 2
operator, the density matrix ρˆ of the system can be ob-
tained in the well-known two-level formalism [12]. In the
presence of damping, the Liouville equation for ρˆ is
dρˆ
dt
=
−i
~
(Hˆρˆ− ρˆHˆ)− Dˆ(ρˆ), (2)
in which Dˆ(ρˆ) describes phenomenologically dephasing
processes taking place during the electron motion. Ma-
trix elements of Dˆ(ρˆ) between eigenvectors w1 and w2
are taken in the standard form [12]
Dˆ(ρˆ)mn = γmn〈wm|ρˆ− ρˆeq|wn〉 (m,n = 1, 2), (3)
where ρˆeq is DM at equilibrium, when the electron is in
the state with negative energy E2. Then ρ
eq
22
= 1 and
other ρeqmn are zero. The constants γ11 = γ22 = 1/T1
describe the relaxation of electron population excited to
the conduction subband, while γ12 = γ21 = 1/T2 describe
the decay of coherence between the upper and lower elec-
tron states. We disregard long-time relaxation processes
with T > 2000 fs, as observed in CNTs [13].
By calculating the matrix elements of both sides in
Eq. (2) one obtains four first-order differential equations
2for the matrix elements of ρˆ. We have for instance: ρ˙12 =
−(2iω+1/T2)ρ12, where ω = uξ. Solving these equations
we obtain
ρˆ(t) =
(
c11e
−t/T1 c12e
−2iωt−t/T2
c21e
2iωt−t/T2 1− c11e−t/T1
)
, (4)
where the coefficients cmn must be determined from ini-
tial conditions. We assume that at t = 0 the electron is
represented by a Gaussian wave packet having one non-
zero component: Fnν(k) = (1, 0)
T gnν(k), with
gnν(k) = 2
√
pide−d
2k2/2. (5)
The packet is normalized to
∫∞
−∞
|gnν(k)|2dk = 2pi. We
assume that it consists of states belonging to one pair
of energy subbands with given n and ν, see Eq. (1).
In the following we drop the subscript nν. The packet
is a combination of states having positive and nega-
tive energies: F (k) = a1w1g(k) + a2w2g(k) with a1 =
a2 = (k − iκnν)/
√
2ξ. Thus the probability densities
are p1 = |a1|2 = |g(k)|2/2 and p2 = |a2|2 = |g(k)|2/2, so
that the states with positive and negative energies con-
tribute the same probabilities to the initial packet. The
density matrix corresponding to F (k) is
ρˆF = F (k) · F (k)† = |g(k)|2
(
1 0
0 0
)
. (6)
The matrix ρˆF is given in the representation of the upper
and lower components. To find ρˆF in the representation
of the eigenstates of Hˆ we calculate the matrix elements
of ρˆF between the states w1 and w2. For DM at t = 0
one obtains
ρˆ(0) =
1
2
|g(k)|2
(
1 1
1 1
)
, (7)
which gives: c11 = c12 = c21 = |g(k)|2/2, see Eq. (4). The
velocity operator in the representation of upper and lower
components is vˆ = (∂Hˆ)/(∂~k) = −uσx. Its counterpart
in the representation of the eigenstates of Hˆ is
Vˆ =
u
ξ
(
k iκnν
−iκnν −k
)
. (8)
The average velocity is, see remark [14]
〈v(t)〉 = Tr(Vˆ ρˆ) = −u
∫ ∞
−∞
κnν
ξ
sin(2ωt)e−t/T2 |g(k)|2dk
+ u
∫ ∞
−∞
k
ξ
(e−t/T1 − 1)|g(k)|2dk, (9)
and the average position is
〈y(t)〉 =
∫ t
0
〈v(t′)〉dt′, (10)
where the initial condition is: y(0) = 0. Equations (9)
and (10) describe the motion of electron packet in the
FIG. 1. Calculated average position of electron Gaussian wave
packet for two pairs of subbands in a carbon nanotube ver-
sus time. Solid lines: damping included. Dash-dotted lines:
no damping. Packet width is d = 160A˚, tube circumference
is L = 200A˚, initial packet momentum is zero.
presence of dephasing processes which modify the motion
in two different ways. The decay of coherence between
electron states in the conduction and valence subbands,
as characterized by T2, alters the ZB oscillations, while
the relaxation of electrons from the upper to lower energy
subbands, as characterized by T1, changes the rectilinear
part of the motion. To analyze quantitatively the effect of
damping we calculate the average packet position for the
Gaussian packet (5) assuming that the times T1 and T2
do not depend on k, n and ν. We take T2 = 130 fs, as
determined experimentally in Ref. [15]. For the packet
of Eq. (5) the last integral in Eq. (9) vanishes and the
relaxation time T1 is of no relevance to our problem.
In Fig. 1 we show the calculated results taking the
packet width d = 160A˚ and the tube circumference L =
200A˚. These parameters were used in Ref. [9]. We con-
sider a semiconductor CNT and the wave packet of states
with n = 0 and ν = ±1 subbands. In the absence
of damping the oscillations decay as t−1/2 (dash-dotted
lines), while in its presence they decay exponentially with
the characteristic time T2 (solid lines). In the presence
of damping the decay of oscillations can be significantly
faster which would make experimental observations of ZB
more difficult.
To analyze the origin of the oscillating and rectilinear
terms in Eq. (9) we decompose DM in Eq. (4) into two
matrices: ρˆ = ρˆr + ρˆZ , where ρˆr =
(
ρ11 0
0 ρ22
)
and
ρˆZ =
(
0 ρ12
ρ21 0
)
. Then the average velocity is also a
3sum of two terms
〈vr(t)〉 = Tr(ρrV ) = u
∫ ∞
∞
k
ξ
(e−t/T1 − 1)|g(k)|2dk,(11)
〈vZ(t)〉 = Tr(ρZV ) =
= −u
∫ ∞
−∞
κnν
ξ
sin(2ωt)e−t/T2 |g(k)|2dk. (12)
The above equations relate ZB oscillations to the off-
diagonal elements of DM and rectilinear motion to the
diagonal elements.
As mentioned in the Introduction, a similar prob-
lem of ZB oscillations in CNT in the absence of damp-
ing was considered in Ref. [9] with the use of Heisen-
berg picture. In this approach, one calculates: 〈v(t)〉 =
u〈F |eiHˆt/~σxe−iHˆt/~|F 〉. To compare our results with
those of Ref. [9] we set in Eq. (9) T1, T2 → ∞, which
gives
〈v(t)〉 = −u
∫ ∞
−∞
knν
ξ
sin(2ωt)|g(k)|2dk. (13)
This agrees, up to the sign, with 〈v(t)〉 obtained in
Ref. [9], in which the velocity operator at t = 0 had
an opposite sign.
III. DISCUSSION AND SUMMARY
First, we want to comment on the results presented in
Fig. 1. At the first sight, the decays of ZB oscillations
without and with the damping differ only quantitatively.
However, one should bear in mind that the decay with-
out the damping is technically caused by the fact that
we used a Gaussian wave packet to localize the electron
in space. In this case the amplitude of ZB diminishes
as t−1/2 and this decay is caused by different velocities of
interfering sub-packets of positive and negative energies,
which progressively cease to overlap, see Ref. [9]. The
choice of localizing packet is somewhat arbitrary and,
had we chosen a different packet, the decay would have
also been different. In particular, when there is no local-
ization by the packet, the ZB oscillations do not diminish
in time, see Ref. [8]. On the other hand, the decay due
to damping is a real physical effect caused by decoher-
ence and relaxation processes. The dephasing processes
can be of various kinds: the electron can be scattered
elastically or non-elastically, or it can loose its energy by
emitting radiation. We do not describe these processes,
they are summarized phenomenologically by the times T1
and T2. Still, we want to mention that, since the electron
wave packet includes the states of both positive and neg-
ative electron energies, i.e. the electron is not in a single
eigenstate of the Hamiltonian (1), it can emit radiation.
In Eq. (5) we assumed a symmetric wave packet cen-
tered around the value k0 = 0. If we assumed k0 6= 0,
the second integral in Eq. (9) would not vanish, which
would give a rectilinear (classical) component to the mo-
tion. However, as discussed in Ref. [10], it is not clear
how to furnish to the electron a sizable non-vanishing
momentum ~k0, so we do not discuss this case here.
We assumed above that at t = 0 the wave packet con-
sists of states belonging to one pair of energy subbands,
but in general it can be a combination of states belonging
to more pairs of subbands. In this case g(k) in Eq. (5)
should be replaced by
∑
nν gnν(k) and in Eqs. (9) – (12)
one should perform additional summations over n and ν.
However, as shown in Ref. [10], shapes and parameters
of realistic wave packets depend on physical mechanisms
used for their creation. Thus the determination of gnν(k)
sub-packets is out of scope of the present work. On the
other hand, as pointed out in Ref. [10], a single ultra-
short laser pulse can create an oscillating wave packet
consisting mainly of states belonging to one pair of en-
ergy subbands, which justifies the approach used above.
Finally, it can be seen in Fig. 1 that the ZB oscilla-
tions for n = 0 and ν = ±1 present mirror images of
each others. This means that, for some effects, the sum
of both components can exactly cancel out. This prop-
erty is related to the fact that one can quantize the ~kx
momentum around the CNT circumference in two equiv-
alent ways: clockwise or counter-clockwise. In order to
break this symmetry and get a nonzero final result one
can use an external magnetic field parallel to the tube’s
axis. The magnetic field gives a preferential direction of
the cyclotron motion that would break the above sym-
metry, see Ref. [11].
To summarize, the density matrix formalism is used
for the description of electron Zitterbewegung in carbon
nanotubes is order to include the dephasing processes.
The decoherence of electrons in conduction and valence
subbands, as characterized by the time T2, quickens the
decay of ZB oscillations, while the interband relaxation,
as described by the time T1, influences the rectilinear
motion component. The decay of ZB due to electron
localization in space is of a different nature than that
caused by the decoherence processes.
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